Exactly pairing two-dimensional charged particles using a magnetic field 
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It is demonstrated that a uniform magnetic field can exactly pair the two-dimensional (2D) charged 
particles only for some quantized magnetic intensity values. For the particle-pair consisting of two 
like charges the Landau level of the center-of-mass motion is multiple degenerate that implies the 
shell structure. However, any particle-pair has only two non-degenerate relative levels, which are 
associated with the diamagnetic and paramagnetic states respectively. There exist a upper critical 
magnetic strength and a lower critical magnetic length across which two like charges cannot be 
paired. The theoretical results agree with the experimental data on the sites and widths of the 
integral and fractional quantum Hall plateaus in a CaAs-Alj^Gai-j^As heterojunction, that gives a 
new explanation for the quantum Hall effect. 
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PACS numbers: 73.43.Cd, 05.30.Fk, 73.43.-f, 03.65. Ge 



The motions of the charged particles and neutral atoms 
in a uniform magnetic field have been long studied [l|, Q , 
and some important experimental developments of this 
topic were reported successively 0|-[l3- The corre- 
sponding theoretical investigates reveal many interest- 
ing pr operties concerning the quadratic Zeeman effects 
Il].[l4|. Landau level 0.Ii3j classical and quantum chaos 
|l6l HTJI. and the integral and fractional quantum Hall 
effects [1 S H B H ES El m. All of the works 
are correlated with the fundamental system: a pair of 
charged particles interacting with a uniform magnetic 
field, where both the Coulomb and harmonic potentials 
work simultaneously. The previous works have shown 
that the Coulomb-harmonic system is exactly solvable 
only for some par ticular values of the harmonic oscillator 
frequency [13 M HI HI . 

In this paper we shall extend the results to a 2D elec- 
tronic gas and seek its exact eigenstates and eigenen- 
ergies, where the harmonic potential is supplied by the 
external magnetic field. This extension will lead to some 
interesting new results that demonstrate the possibility 
for using a magnetic field to pair the charged particles, 
and suggests a new theory to confirm the assertion on 
"the fractional quantum Hall effect must result from the 
condensation of the 2D electrons" Q • 

Quantum motion of the 2D charged-particle-pair in a 
uniform magnetic field toward z direction is dominated 
by the stationary-state Schrodinger equation J23, |2J| , 
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where Et is the total e nerg y, rrii and qi are the effec- 
tive mass and charge 0, |24 !| of i-th particle, Xi^yi and 
Vi are the coordinates and Laplace operators of parti- 
cle z, r = \/{x2 — xiY + (j/2 — ViY is the relative radial 



coordinate, U = XiPy^ — tjiPxi denotes the z-component 
angular momentum of particle i, Ui = \qi\B / {2mic) rep- 
resents the Larmor cyclotron frequency with the light ve- 
locity c and the strength B of magnetic field, and e is 
the effective dielectric constant of the background semi- 
conductor [13, I23 ■ Here and throughout the paper the 
above signs of ± and =F are selected for the positive- 
charge system, and the below signs are taken for the 
negative-charge system. In order to exactly solve Eq. (1) 
we introduce the relative coordinate r and center-of-mass 
coordinateRby r = r2-ri = {x2-xi)ex + {y2~yi)ey ^ 
xGx + yej/jR- — ("T-ii"! + m2Y2)/M — Xe^ + Yey with 
M = TOi + TO2 being the total mass, ex and e^ the unit 
vectors in x and y directions. Setting Et = Ec + E 
and $ — tp^'^'{'R.)tjj{r), under the separability condition 
qi/mi — q2/rn2 {uJi = u)2 — w), Eq. (1) is separated as 
the center-of-mass motion equation 
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and the relative motion equation 
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where /i = mim2/M is the reduced mass, L^ ~ ^>--l y 
YPx and Iz = xpy — ypx are the z-component angular 
momenta on the center-of-mass and relative coordinate 
frames respectively. Clearly, Eq. (3) includes the equa- 
tion of a 2D hydrogen atom in a uniform magnetic field 
|20l |23|. which can be directly derived from Eq. (1) by 
fixing the atomic nucleus and taking the positive sign of 
=F. Therefore, Eq. (3) can govern the particle pairs con- 
sisting of the like charges (e.g. two electrons, two holes or 
two protons) or the unlike charges (e.g. hydrogen atom 
or hydrogenic donor-electron 25] ). Noticing the Pauli's 
exclusion principle, the two like particles should be in 
opposite spin orientation. 

For two-electron (or two-hole) system with mi — 
m2 ~ me and \q\\ — \q2\ — e, Eq. (2) becomes 
the normal equation of a single charged particle with 



mass Af — 2me and charge \q\ = 2e in a uni- 
form magnetic field, which has the well known solution 

l,R^), Uc = 0, 1,2,---; rric = 0,±1,±2,--- for the 
center-of-mass energy (Landau level) Ec/{fujj) = 2nc + 
\mc\ Tmc + l = 1, 2, 3, • • • . Here F{~nc, |toc| + 1, i?^) 
denotes the confluent hypergeometric function, m^ is 
the rest mass of a free electron, and the coordinate 
R has been normalized by the magnetic length a^ — 
y/h/{Muj). Obviously, i^n^m^ expresses the multiple de- 
generate states, since the energy Ec/{huj) — 2nc -\- 1 
corresponds to the M„^ + 1 states with \mc\ T i^c — 
for nic = 0, ±1,±2,- •• ,±M„^. The largest mag- 
netic quantum number M„^ and principal quantum num- 
ber ric are limited by the mean square-radius (or area) 
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2D circular system with radius Rq. Taking the lowest 
Landau level Ec = l{fiio) with tIc = as an exam- 
ple, this equation gives Rq„^ = {\mc\ + l)(ac) — -^o- 
Thus we have the degeneracy of the lowest Landau level 
Mo -h 1 = max{|mc|} -f 1 = Rl/al = 2TrRlMuj/h = 
2TrRleB/{hc) = $/$o, where $o = hc/{2e) is the mag- 
netic flux quantum of the electron-pairs and $ = ttRqB 
denotes the magnetic flux through the sample, which 
equates the integral times of $0. 



We are interested in exactly solving the relative motion 
equation (3) and using the solution to describe the prop- 
erties of the particle-pairs, including the application to 
the integral and fractional quantum Hall effect. Adopt- 
ing the normalized polar coordinate p — r/or, Or = 
\/h/{iMx>) and the separate wavefunction |2(TI | 



V'(/9,^) =Ae™'^-'''/2^l™lu(p), m = 0,±l,--- (4) 



with the normalization constant A, applying Eq. (4) to 



Eq. (3) we arrive at the ID dimcnsionless equation 
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u = 0, where 



p ^ J dp 

the energy has been changed to -E' — E ± mhw. The 
dimcnsionless constant a — 2qiq2\/ fi/ {h^uje^) expresses 
the importance of the Coulomb potential compared to the 
harmonic one, since when qi — q2 ~ —e, p. = me/2 and 

e = 1 we have a^ = '^y^^°° with oq — h^ /{rriee^) being 
the Bohr radius. According to the form of u equation we 
expect the power-series solution 



ELo c**/ for 

n = 1, 2, • • • and Ci =constant. Inserting the series into 
the u equation yields the algebraic equation X]r=o'f (*^ "'" 
2i\m\)p^-'^ + ap'-^ + 2[E'/{Huj) - |m| - 1 - i]p'}a = 
0. This equation can be satisfied if and only if (iff) the 
constants Ci, a and E' obey the coefficient equations 
[23 E'/{hu;) = n+\m\ + l, {n - j){n - j + 2\m\)Cn-j - 
aC„_,_i+2(j+2)C„_j_2 = Ofor Co = 1, C_i = C„+i = 
0, j — —1, 0, 1, • • • , {n — 1). By using a computer we 
have solved this equation group for n = 1, 2, • • • , 30 and 



several simple solutions are listed as the following: 
n=l, a2 = (a« )2 = 2(2H-fl), Ci = '" 



2|m| + l ' 



« = 2, K:„|)' = 4(4|™| + 3), Ci = j^ = ^C2 

" = 3, (aHLr 
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4, (-iiL|)^ 



20(|m| + 1) ± 2^64m2 + 128|m| -t- 73; 
50 + 40|m| ± 6v/16m2 + 4G|m| + 33,(5) 



: ''maxi ''max — ^ ^^^ CVCn 71 



where we have set I = 1,2. 
and Imax = {n+l) for odd n, which is the label of the dif- 
ferent solutions for a set of fixed quantum numbers n and 
\m\. In the cases n = 3,4, any Ci is a complicated func- 
tion of \m\, which is not shown in Eq. (5). When n > 5, 
the computer cannot give Ci and a as the explicit func- 
tions of \m\, however, we can numerically calculate them 
for any given n and \m\. Noticing the above-mentioned 
relationships between u and a, and B and lu, the quan- 
tized a values imply the quantization of the cyclotron 
frequency lu, magnetic strength B and energy E, 
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The dependence of Ci and p (a^) on the quantum num- 
bers n, |to|, / leads to the power-series u = u : , and the 

relative wavefunction ip = ipnm- 

Given Eqs. (5), (6) and the label of the wavefunctions, 
we find the following interesting properties: 

a) Two like charges can be paired iff the magnetic 
strength is quantized as in Eq. (6). The necessity and 
sufficiency of the pairing condition infer that the mag- 
netic field fitted to the electron-pairs will suppress the 
second pairing of four electrons, since the latter does 
not satisfy the pairing condition of the former. The 
size of the particle-pair in the states of lower quan- 
tum numbers is in the order of the relative magnetic 

length Or 
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the size of the lowly excited hydrogen atom, when the 
magnetic field is strong enough. For example, the mag- 
netic strength value B ~ 30Tesla (T) corresponds to the 
cyclotron frequency u) ~ lO^^Hz and magnetic length 
Or ~ 10~^m for /i — me/2. 

b) The cyclotron frequency and magnetic strength de- 
pend on cr2 rather than a. This means that for a fixed 
magnetic strength the electron-pairs {a > 0) and hydro- 
gen atom {a < 0) with same \a\ have the same level 
structure determined by the cyclotron frequency. How- 
ever, the coefficients Ci depends on a that results in the 
different power-series solutions u for the two different 
systems. For instance, in the Coulomb repulsion case 
(ct > 0), Eq. (5) implies the simplest power-series so- 
lution u = u^l. = (1 + Cip) = (1 + V2p), but in the 
Coulomb attraction case {a < 0), the simplest power- 



series solution is 



i|o| 



= (1 — V2p). Substituting 



them into Eq. (4) respectively, produce the mean ra- 
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in the Coulomb repulsion state and f\,L — 1.45221(a^|g|) 
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in the Coulomb attraction state V'iioi: the latter is greater 
than the former. This is very important that the com- 
bined action between the Coulomb repulsion and mag- 
netic field make the particle-pair of two like charges the 
tight-binding quasi-particle. 

c) The magnetic strength is correlated to |to| but the 
energy and wavefunction are correlated to to, that in- 
fers the particle-pair under the magnetic field B being a 
two internal-level system with two non- degenerate rela- 
tive states, the paramagnetic state {m > 0) and diamag- 
netic state (m < 0). The level difference between the two 



states reads AE", 
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If the particle-pair is 



composed of two positive charges, the sign " — " in Eq. 
(6) is taken that means the paramagnetic state being the 
ground state (|7tt.| — m = 0) and the diamagnetic state 
being the excitation one (|to| — m = 2\m\). Conversely, 
the diamagnetic state of the electronic particle-pair (hy- 
drogen atom or two electrons) is the ground state and the 
paramagnetic state is the excitation state. Because the 
amplitude \^\ depends on |77i| rather than m so the para- 
magnetic and diamagnetic states have the same relative 
probability distribution. 

d) Differing from the Landau level of center-of-mass 
motion, the larger quantum number n corresponds to the 
lower cyclotron frequency and relative energy for a given 
771. As 77 tends to infinity, the frequency and energy tend 
to zero, since the increase velocity of a^ is much greater 
than that of the n, consequently, the relative magnetic 
length Or approaches infinity such that the particle-pair 
is ionized. Similarly, for a given n and in the ground 
state (|to|=F777 — 0) case, the larger \m\ corresponds to the 
lower uj and E, and the infinite |7?7.| is associated with the 
zero energy and unbound state, however, in the excita- 
tion state case (|777|^to = 2|m,|), the limit limi^i^Qc Enm 
is equal to a constant, although a^ still tends to infinity. 

e) There are two kinds of the quantum transitions for 
the particle-pair. One is the transitions between the 
ground and excitation states determined by a fixed mag- 
netic field, which can be operated by using a laser with 
the frequency 2|?Ti|w. Because the amplitude |-0| only 
depends on |?77,|, the transition between 777 state and —777 
state does not change the relative probability distribution 
of the particle-pair, but varies the direction of angular 
momentum. Another kind of transitions occurs between 
the states with different magnetic strengthes. Therefore, 
this kind of transitions can be controlled by adjusting 
the magnetic strengthes from one value of b1. to an- 
other. These quantum transitions are probably useful for 
performing the quantum logic operations. 

f) The parameter \a\ has a minimal value |cr} q|, which 
corresponds to the upper critical magnetic field and lower 
critical magnetic length across which two like charges 
cannot be paired. For an electron-pair we insert the pa- 



rameters qi = q2 = —e, t^ = 7r7i/2 = 777e/2, e = 1 into 
Eqs. (5) and (6), producing the largest magnetic strength 
sJo^ ^ 2mle^c/n^ k. 4.7 x lO^T, which cannot be ex- 
perimentally realized yet. The experimentally allowable 
magnetic strength B < lO^T and the pairing condition 
of two electrons require the parameter a^ being greater 
than 10"^. However, if one adopts the modulation-doped 
CaAs-Ala;Gai_a;As heterojunction and let the 2D elec- 
trons exist in GaAs at the interface between GaAs and 
Al^Gai -;,As [3, llM yJI' tl^s corresponding parameters 
become UM Qi = 12 = — e, fJ- — mi/2 — 0.067me/2, e « 
13 such that Eq. (6) gives the largest magnetic strength 

BIq « 12.4842T, such magnetic field is experimentally 
realizable. The largest magnetic strength B[q deter- 
mines the lower critical magnetic length a^.L. By im- 
proving the quality of the CaAs-Alj;Gai_3;As interface, 
the effective mass 777,1 and dielectric constant e can be 
adjusted in the regions rnj_> 0.065777e and e > 1 in a 
practical experiment |lll |26| . therefore, we can obtain 
the upper critical magnetic strength in a great region. 

We now try to extend the above-mentioned results to 
a 2D electronic gas. Because of the multiple degen- 
erate states of the center-of-mass motion and the two 
non-degenerate relative states, we expect the existence 
of the shell structure of the electron-pairs. There may 
be 2(Afo + 1) electron-pairs occupy the lowest Landau 
level of the center-of-mass motion and two of them la- 
belled by (777c, 777) and (rnc,—m) have the mean square- 
radius i?om ^'^'' the fixed magnetic strength B^J.. The 
multiple electron-pairs in the lowest Landau level seem 
to behave like the condensed Bosons. Accordin g to 
the superconductivity theory of the Cooper pairs |27| . 
the condensation of electrons is necessary for the re- 
sistance vanishing approximately. Therefore, we expect 
the minima in the resistivity appearing at the quantized 
magnetic strength values of the pairing condition (6). 
This expectation has been proved by the experimental 
data on the integral and fractional quantum Hall effect 
0, H, IE Il3- III f^ct, rewriting the pairing condition as 
B^',) .=b\^1/v^^^ I, 7/',^ , = (cr''? ,)V30 and comparing 

n\m\ 1,7/ n|m|' n\m\ V n\m\^ ' ^ o 



'l,7/''n|m|' 

the constant v , , with the filling factor v at which the 

n\m\ o 

diagonal part of the resistivity tensor vanishing or tak- 
ing minimum experimentally, good agreement is found 
in the experimental accuracy, as in table 1. Here Bf 7 is 
the magnetic strength ai i^ — 1, which is dependent of 
the sample material and can be determined by the ex- 
periments 0j S S Ii3- ^^ table 1 we show the strict 
agreement between the experimental v and theoretical 
nlml ^"-"^ ^^^ experimentally strong minima of the re- 
sistivity and the approximate agreement in 10^'^ order 
for the experimentally weak states, containing a lot of 
data disappearing in the table. The small errors may be 
caused from the difference between the finite tempera- 
ture effect in the experiments [^ ^ and the zero tem- 
perature assumption in theory. It is worth noting that 
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the experimentally strong minima appear in n = 1, 2 
states with lower relative energies. For example, the two 
neighbor states i^ji o ~ 5/17 and vi\ =1/3 have near a 
and lo values, but Eq. (6) give their relative energies as 



E\ 



(1) 
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(1) 



21 — 22fiw2i^o ^'^^ -^i!^2 = 5-^1,-2 ~ ^'^'^2i'o respec- 
tively, the former is much greater than the latter, so the 
1/3 state is much strong compared to the 5/17 state |lOJ| . 
since there are more electron-pairs to occupy the lower 
energy states. The stronger state is associated with the 
lower diagonal resistivity and wider Hall plateau in the 
experiments. 

In conclusion, we have revealed a new pairing mecha- 
nism of the 2D charged particles, namely the combining 
interaction of the quantized magnetic field and Coulomb 
potential governs the charged particle-pairs. The exact 
pairing states and level structure are found that show 
many new and important physical properties of the sys- 
tem. Applying the results to the quantum Hall effect of 
2D electronic gas, we obtain the places and strengthes 
of the minimal diagonal resistivity, which are in good 
agreements with the well known experimental data. 

At the end of the paper we must point out that the 



theoretical results have hinted vaguely some connections 
between the electronic pairing states and the supercon- 
ductivity of high critical temperature (Tc), such as the 
2D electron-pairs in the quantum Hall system behaving 
like the Cooper pairs in the 2D superconductive material, 
the property of the critical magnetic strength exceeding 
the experimental limit being similar to that of the up- 
per critical field of the type H superconductor with high 
T,^, and the lower critical magnetic length to be in the 
order of the electronic correlation length of the high T,^ 
YBa2Cu307_5 superconductor [23, and so on. Further 
investigating the applications of the results to the high T^ 
superconductivity, the state preparation of the harmoni- 
cally trapped ions and the quantum computation will be 
interesting. 
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